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Abstract
Newton-Cartan geometry has played a central role in recent discussions of non-relativistic holog-
raphy and condensed matter systems. Although the conformal transformation in non-relativistic
holography can be easily rephrased in Newton-Cartan geometry, we show that it requires a nontriv-
ial procedure to get the consistent form of anisotropic disformal transformation in this geometry.
Furthermore, as an application of the newly obtained disformal transformation, we use it to induce
a new geometry.
∗Electronic address: huangp46@mail.sysu.edu.cn
†Electronic address: ffyuan@nankai.edu.cn
1
I. INTRODUCTION
Newton-Cartan geometry (NCG) was proposed by E´lie Cartan through a geometrical
description for Newtonian gravity in the spirit of general relativity [1, 2]. The recent renewed
interests in NCG are well motivated from its usefulness in the investigations of condensed
matter systems and non-relativistic holography. Concretely, it has been found that, together
with the non-relativistic diffeomorphism invariance, NCG provides a natural geometrical
background for the effective field theory description of fractional quantum Hall effect [3];
furthermore, the progress in gauge/gravity duality attaches increasing importance to non-
Riemannian geometries, specific to NCG, it acts important role in various realizations of
non-AdS holography, see e.g. [4–8].
Similar to the extension from Riemannian geometry to Weyl geometry, the conformal
extension of NCG is also investigated from different perspectives. It is noticed that NCG
can be obtained by gauging the Bargmann algebra which is the centrally extended Galilean
algebra [9]. Thus the conformal generalization of NCG can be obtained by performing a
similar gauging procedure to the Schro¨dinger algebra, the conformal extension of Bargmann
algebra [7, 10]. From the perspective of the localization of spacetime symmetries [11, 12],
this conformal extension of NCG can also be obtained by localizing the global Galilean and
scale symmetries [13].
On the other hand, as a generalization of the conventional conformal transformation, the
disformal transformation [14] also attracts a lot of attention in these years. It acts important
role in Horndeski theories and has led to many important results in modified gravity and
cosmology, see [15–28]. Then, a natural question to ask is what is the consistent form (if it
exists) of the disformal transformation in NCG and what interesting results will it lead to.
While the conformal transformation can be straightforwardly incorporated in NCG and non-
relativistic field theories, to find the analogue of disformal transformation is a nontrivial task.
This will be the first topic of the present work and it will be shown that the result naturally
includes the usual anisotropic conformal rescaling as a special case. Furthermore, as an
exploration of its potential usefulness, we use the newly obtained disformal transformation
to induce a new geometry.
This paper is organized as follows. In Sec.(II), a brief review of the general torsional
NCG recently expatiated in [10] is given. We also demonstrate that the conformal extension
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of NCG can be induced through the anisotropic Weyl rescaling of original metrics. This
serves as a complementary perspective to the standard gauging or localization procedure. In
Sec.(III), we propose a method to find the most general anisotropic disformal transformation
in NCG. Then, as an application of the newly obtained disformal transformation, we use
it to induce the disformal extension of NCG in Sec.(IV). The results consist of the basic
disformal connection and semi-metricity conditions. Our conclusion will be given in the last
section.
II. NEWTON-CARTAN GEOMETRY AND ITS CONFORMAL EXTENSION
A. Newton-Cartan geometry
A first taste of NCG can be gained through a geometric reformulation of the Newtonian
gravity, see [29] for a clear exposition. Recently it has been shown that NCG can be obtained
by gauging the centrally extended Galilean algebra, i.e. the Bargmann algebra [7, 9, 10].
Without gauging fixing, the torsion can also be naturally included in this procedure which
acts an important role in non-AdS holography. For example, the boundary geometry in
Lifshitz holography is described by torsional NCG [6, 8].
Whether there is torsion or not can lead to very different results. While the dynamical
NCG without torsion is related to projectable Horˇava-Lifshitz gravity, the incorporation
of twistless torsion corresponds to non-projectable Horˇava-Lifshitz gravity [10]. Since the
realization of disformal transformation in NCG and its potential applications are of our
most concern, we would like to maintain as general as possible. In other words, no gauging
fixing on the NCG will be considered and a general torsion (with no twistless condition) is
assumed. For our purpose, it is convenient to make use of the formalism of dynamical NCG
developed in [10]. In the following we list some relevant results which will be the starting
point of the present work .
One needs two degenerate metrics, τµ and h
µν , to define a Newton-Cartan structure
on an orientable manifold. Roughly speaking, τµ is a nowhere-vanishing (generally not
closed) one-form and defines a local time direction, and hµν is a symmetric tensor which
gives an inverse metric on the spatial slices. Both of these two metrics are invariant under
internal transformations which include Milne boosts and spatial rotations. Their inverses
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need to be carefully defined to ensure the invariance of affine connection under these internal
transformations.
After all the subtle points have been settled down, one finds that, together with the
inverses of τµ and h
µν denoting as vˆµ and Hµν respectively, the most general form of NCG
is defined as follows [10]:
vˆµτµ = −1, vˆ
µHµν = (2− α)Φ˜τν , τµh
µν = 0, hµνHµρ = δ
ν
ρ + vˆ
ντρ, (1)
with α an arbitrary constant. The affine connection is defined as
Γλµν = −vˆ
λ∂µτν +
1
2
hλσ(∂µHσν + ∂νHσµ − ∂σHµν), (2)
to obey the metricity postulates
∇µτν = 0, ∇µh
νρ = 0. (3)
Here Hµν is given by
Hµν = hˆµν + (α− 2)τµτνΦ˜. (4)
Another form of general affine connection can be found in [30–32].
An intriguing and important point is that despite the difference in the explicit forms of
Hµν and hˆµν , they actually lead to the same results in constructing the effective actions for
Horˇava-Lifshitz gravity [10]. Based on this observation, we will choose α = 2 from now on.
For the sake of convenience, we close this subsection with a rewriting of (1) and (2) when
this condition is imposed:
vˆµτµ = −1, vˆ
µhˆµν = 0, τµh
µν = 0, hµν hˆµρ = δ
ν
ρ + vˆ
ντρ, (5)
Γλµν = −vˆ
λ∂µτν +
1
2
hλσ(∂µhˆσν + ∂ν hˆµσ − ∂σhˆµν). (6)
B. Conformal extension of Newton-Cartan geometry
In principle, via conformal rescaling (which reduces to Weyl rescaling in the isotropic
case), the conformal NCG could be induced from the original geometry. Our main task in
this subsection is to demonstrate this point in detail.
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In relativistic systems, the space and time have the same footing, and thus the conformal
rescaling must be isotropic. Nevertheless, in non-relativistic systems, there is a preferred
notion of time. So an anisotropic rescaling can be introduced which has the form
τµ → τ˜µ = e
zΩτµ, h
µν
→ h˜µν = e−2Ωhµν . (7)
To preserve the defining relations of NCG in (5), the transformation rules for the inverses
of τµ and h
µν are constrained as
vˆµ → v˜µ = e−zΩvˆµ, hˆµν → h˜µν = e
2Ωhˆµν . (8)
With these relations at hand, one can perform the following calculations:
∇µτν = 0 = −ze
−zΩ∂µΩ · τ˜ν + e
−zΩ
∇µτ˜ν ,
⇒∇µτ˜ν = z∂µΩ · τ˜ν ; (9)
∇µh
αβ = 0 = 2e2Ω∂µΩ · h˜
αβ + e2Ω∇µh˜
αβ,
⇒∇µh˜
αβ = −2∂µΩ · h˜
αβ . (10)
The original connection given in (6) can also be rewritten with new variables as
Γλµν = −v˜
λ(∂µ − z∂µΩ)τ˜ν
+
1
2
h˜λσ
[
(∂µ − 2∂µΩ)h˜σν + (∂ν − 2∂µΩ)h˜µσ − (∂σ − 2∂µΩ)h˜µν
]
. (11)
It is easy to indicate that the expressions in (9)-(11) are invariant under the transformation
∂µΩ→ ∂µΩ+ ∂µω.
One can also take a step further and promote the exact one-form (component form)
∂µΩ into a general one-form bµ. The resulting equations are still invariant under a similar
transformation bµ → ∂µω. To exhibit this, we relabel τ˜µ, v˜
µ, h˜µν and h˜
µν as τµ, vˆ
µ, hˆµν and
hµν , respectively. One then notices that these quantities satisfy the following conditions:
vˆµτµ = −1, vˆ
µhˆµν = 0, τµh
µν = 0, hµν hˆµρ = δ
ν
ρ + vˆ
ντρ. (12)
Furthermore, the semi-metricity conditions (the original metricity postulates are violated)
can be rewritten as
W
∇µτν = zbµτν ,
W
∇µh
αβ = −2bµh
αβ, (13)
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with the connection given by
WΓλµν = −vˆ
λ(∂µ − zbµ)τν
+
1
2
hλσ
[
(∂µ − 2bµ)hˆσν + (∂ν − 2bµ)hˆµσ − (∂σ − 2bµ)hˆµν
]
. (14)
It is obvious that (12) assumes the form of the defining relations (5) for metrics in NCG.
Our notations are thus consistent with the fact that, before and after the conformal rescaling,
these foundamental relations should be maintained. This also highlights the point that what
one obtained through the procedure (7)-(11) is a new connection, not new metrics. From
the view of basic geometric structures, the conformal rescaling of metrics for the original
NCG may be deemed as just an intermediary step.
We remark that the conformal extension of NCG, whose metric compatibility condi-
tions and connection are given by (12), (13) and (14) respectively, can be looked as a
non-relativistic version of the Weyl geometry (hence the superscripts ”W”s in the above
equations). Our results are also consistent with those obtained through the gauging pro-
cedure [7, 10]. Furthermore, when bµ (which is just the dilatation parameter in [7, 10])
can be expressed as the derivative of a scalar field ∂µb, the corresponding geometry defined
by (12)-(14) is just the Weyl integrable extension of NCG, whose relativistic cousin is the
well-known Weyl integrable geometry.
To sum up, the defining relations (12)-(14) can be obtained through the rewriting and
rearrangement of the original variables and expressions. It is just in this sense that we say
the conformal extension of NCG can be induced from NCG by conformally rescaling the
metrics. The potential advantage of this perspective is that one can use this approach to
induce a new geometry even when the symmetries and algebraic structures of the underlying
geometry are not well understood yet. This method has recently been utilized to induce a
new geometry from Riemannian geometry through the disformal transformation [33].
III. ANISOTROPIC DISFORMAL TRANSFORMATION IN NEWTON-CARTAN
GEOMETRY
The disformal transformation is a generalization of the conventional conformal transfor-
mation of metrics which is defined as [14]
g¯µν = A(φ,X)gµν +B(φ,X)φµφν , (15)
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where the disformal functions A and B depend on the real scalar field φ and its kinetic term
X = 1
2
gµνφµφν with φµ ≡ ∂µφ.
By inspection of (7), (8) and (15), a direct generalization of anisotropic disformal trans-
formation for NCG would be as follows:
τµ → τ¯µ = A
zτµ +Bφµ, h
µν
→ h¯µν = A−2hµν + Cφµφν ,
vˆµ → v¯µ = A−zvˆµ + Eφµ, hˆµν → h¯µν = A
2hˆµν +Dφµφν , (16)
where A, B, C, D and E are all functions of the real scalar field φ and its kinetic term X . It
needs to be stressed that, in contrast with φµ ≡ ∂µφ, the meaning of φ
µ is not clear at this
moment since the form of the metric used to raise the index of φµ has not been clarified yet.
However, such ambiguity does not obstruct us to denote X = 1
2
φµφµ. On the other hand,
we arrive at the following constraint equations to ensure the defining relations given in (5):
AzEφµτµ + A
−zBvˆµφµ + 2BEX = 0, (17)
AzCτµφ
µφν + A−2Bφµh
µν + 2BCXφν = 0, (18)
A−2Dhµνφµφρ + A
2Cφµφνhˆµρ + 2DCXφ
νφρ
−A−zBvˆνφρ − A
zEφντρ − BEφ
νφρ = 0, (19)
A−zDvˆµφµφν + A
2Eφµhˆµν + 2DEXφν = 0. (20)
Depending on different definitions of φµ, one may encounter the following cases:
• If φµ = hµνφµ (which is not totally unmotivated although quite peculiar), then we
have τµφ
µ = 0 and (17)-(20) lead to
E = −
φµvˆ
µ
2AzX
, C = −
1
2A2X
, (21)
(−
1
2X
+
Bφµvˆ
µ
2AzX
)φµ =
B
Az
vˆν , (22)
− φν = φαvˆ
α
· τν . (23)
Obviously since φµ is defined to be independent of vˆµ, both sides of (22) must be equal
to zero for its validity. However, this would require B = 0 and X =∞. Furthermore,
(23) implies that φµ is identical to zero which is also unacceptable.
• A more natural choice is φµ = gµνφν = (−vˆ
µvˆν + hµν)φν (with its inverse defined
through gµν = −τµτν + hˆµν [10, 34]). In this case, generally only when B = C =
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D = E = 0 can (17)-(20) be satisfied, which just corresponds to the conventional
anisotropic conformal transformation. If we consider the following novel possibility
(with F a function)
φµ = Fτµ, φ
µ = F vˆµ, (24)
then one is left with a particular form of disformal transformation (after the constraint
equations for coefficients being used)
τ¯µ = (A
z +BF )τµ, h¯
µν = A−2hµν ,
v¯µ = (Az +BF )−1vˆµ, h¯µν = A
2hˆµν . (25)
One can absorb F into B by redefining for convenience. Notice that Az + B generally
cannot be rewritten as Az
′
with z′ a constant as the new dynamical exponent, thus, (25) is
the desired form of disformal transformation with the assumption of (16). Furthermore, one
can argue that the conventional anisotropic conformal rescaling can be enlarged to general
cases that the conformal factors for temporal and spatial components can not be related
through the dynamical component z [13]. This is in fact effectively equivalent to the case
given in (25), which is naturally required in seeking a general and consistent form of the
disformal transformation in NCG.
Despite such result is consistent from beginning to end, the disturbing aspect of (25) is
that the metric on spatial slices is not involved. Apparently with this method we could
not find the most general form of disformal transformation. Thus, we want to tackle this
problem from another perspective. Recall that there is an absolute distinction between space
and time in NCG while (16) does not reflect this character (especially for φµ and φ
µ). Given
a nondegenerate metric gµν , one can introduce the projectors onto the temporal and spatial
directions respectively as [34, 35]
temporal projector: − vˆµτν , spatial projector: h
µ
ν = h
ρµhˆρν = δ
µ
ν + vˆ
µτν . (26)
Correspondingly, φµ and φ
µ can be divided into temporal and spatial parts as
φµ = −2Y τµ + (φµ + 2Y τµ), φ
µ = −2Y vˆµ + (φµ + 2Y vˆµ), (27)
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where Y = 1
2
vˆµφµ =
1
2
τµφ
µ. The disformal transformation then takes the following form
τµ → τ¯µ = A
zτµ +B(−2Y τµ),
hµν → h¯µν = A−2hµν + C(φµ + 2Y vˆµ)(φν + 2Y vˆν),
vˆµ → v¯µ = A−z vˆµ + E(−2Y vˆµ),
hˆµν → h¯µν = A
2hˆµν +D(φµ + 2Y τµ)(φν + 2Y τν). (28)
Through a similar procedure as above, one gets two constraint equations
(Az − 2BY )(A−z − 2EY ) = 1,
A−2D + A2C +DC(2X + 4Y 2) = 0. (29)
Together with (28), the final form of the disformal transformation in NCG is obtained as
τ¯µ = (A
z
− 2BY )τµ,
h¯µν = A−2hµν + CΦµΦν ,
v¯µ = (Az − 2BY )−1vˆµ,
h¯µν = A
2hˆµν −
A4C
1 + 2A2CZ
ΦµΦν . (30)
We have defined Φµ ≡ φµ + 2Y τµ, Φ
µ = Φνg
µν = φµ + 2Y vˆµ and Z = X + 2Y 2 = 1
2
ΦµΦµ.
Before closing this section, several comments are in order:
• The first two equations in (30) suffice to give the definition of the related disformal
transformation since their inverses can be derived from them and thus not independent.
• The previous result in (25) simply corresponds to the special case when Y = −1
2
F ,
which also means φµ has only temporal components.
• With respect to the disformal transformation (15) in relativistic gravity theories, it has
been shown that A(φ,X) must be positive definite, and B(φ,X) should satisfy some
constraints to ensure a healthy definition [14, 20, 21]. The similar situation is also
expected to happen in non-relativistic cases. Nevertheless, this is not of the present
concern and is left for future study.
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IV. DISFORMAL EXTENSION OF NEWTON-CARTON GEOMETRY
As an application of the newly obtained disformal transformation (30), we would like to
use it to induce a new geometry which is the disformal extension of NCG. Noticing that
the relativistic disformal transformation in the form of g¯αβ = A(φ)gαβ + B(φ)φαφβ is of
particularly interest in recent literature [20–28], we will restrict our attention to the special
case where the disformal parameters A, B and C in (30) are only functions of the scalar
field φ throughout this section.
The key step in inducing a new geometry is to rewrite the original geometrical variables
with new variables obtained through disformal transformation. To implement this, one
firstly notices that Y¯ = 1
2
v¯µφµ = (A
z
− 2BY )−1Y which leads to
Y =
AzY¯
1 + 2BY¯
. (31)
With this relation, it is easy to get
τµ = A
−z(1 + 2BY¯ )τ¯µ, (32)
vˆµ = Az(1 + 2BY¯ )−1v¯µ, (33)
φµ = −2Y τµ + (φµ + 2Y τµ)
= −2Y¯ τ¯µ + (φµ + 2Y¯ τ¯µ). (34)
A subtle point is that with the definition h¯µν = A−2hµν + CΦµΦν at hand, rewriting hµν
with h¯µν and Φµ will inevitably lead to an infinite iteration due to the hidden hµν in Φµ.
The way to circumvent this problem is to notice that the disformal transformation of hµν
and hˆµν can be defined in an equivalent form as
h¯µν = A−2hµν −
D
A4 + 2A2ZD
ΦµΦν ,
h¯µν = A
2hˆµν +DΦµΦν , (35)
where we have introduced new coefficients D(φ), Then one immediately gets
hˆµν = A
−2h¯µν −
D
A2
ΦµΦν . (36)
The inverse of hˆµν is supposed to have the form h
µν = A2h¯µν+GΦ¯µΦ¯ν , where Φ¯µ ≡ Φν g¯
µν =
Φν h¯
µν and G is an unknown function to be determined. It is straightforward to find that
hµν = A2h¯µν +
A2D
1− 2DZ¯
Φ¯µΦ¯ν (37)
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with Z¯ = 1
2
Φ¯µΦν .
Based on the above results, through some straightforward calculations, we find that the
original connection (6) can be expressed in terms of the new variables as
Γλµν = −v¯
λ
[
∂µ − ∂µ
(
ln
Az
1 + 2BY¯
)]
τ¯ν
+
1
2
(
h¯λσ +
D
1− 2DZ¯
Φ¯λΦ¯σ
)[
(∂µ − ∂µ lnA
2)(h¯σν −DΦσΦν)
+(∂ν − ∂ν lnA
2)(h¯µσ −DΦµΦσ)− (∂σ − ∂σ lnA
2)(h¯µν −DΦµΦν)
]
. (38)
Furthermore, the semi-metricity conditions for the new geometry can also be induced.
For τ¯µ, the result is
∇µτν = 0 = ∇µ
(
1 + 2B2Y¯
Az
τ¯ν
)
,
⇒∇µτ¯ν = ∂µ
(
ln
Az
1 + 2BY¯
)
· τ¯ν . (39)
The semi-metricity condition for h¯αβ on the other hand takes a more complicated form. To
induce it, the first step is to rearrange the original metric compatibility condition as
∇µh
αβ = 0 = ∇µ
[(
A2h¯αβ +
A2D
1− 2DZ¯
)
Φ¯αΦ¯β
]
,
⇒∇µ
(
h¯αβ +
D
1− 2DZ¯
Φ¯αΦ¯β
)
= −∂µ lnA
2
·
(
h¯αβ +
D
1− 2DZ¯
Φ¯αΦ¯β
)
. (40)
As been clearly demonstrated in the case of conformal extension of NCG, while we have
induced a new connection by implementing the disformal transformation of the original
metrics as an intermediary step, the metrics themselves in fact do not change. Thus for
clarity it is more proper to rewrite τ¯µ, v¯
µ, h¯µν and h¯
µν as τµ, vˆ
µ, hˆµν and h
µν , respectively.
Then it can been seen that the new induced geometry has two degenerate metrics, τµ and
hµν , which satisfy (as in (5))
vˆµτµ = −1, vˆ
µhˆµν = 0, τµh
µν = 0, hµν hˆµρ = δ
ν
ρ + vˆ
ντρ. (41)
The corresponding connection and semi-metricity conditions are given as follows:
• Disformal connection:
DΓλµν = −vˆ
λ
[
∂µ − ∂µ
(
ln
Az
1 + 2BY
)]
τν
+
1
2
(
hλσ +
D
1− 2DZ
ΦλΦσ
)[
(∂µ − ∂µ lnA
2)(hˆσν −DΦσΦν)
+(∂ν − ∂ν lnA
2)(hˆµσ −DΦµΦσ)− (∂σ − ∂σ lnA
2)(hˆµν −DΦµΦν)
]
. (42)
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Here ∂µ − ∂µ
(
ln A
z
1+2BY
)
can be interpreted as the Weyl covariant derivative along the
time direction, and ∂µ − ∂µ lnA
2 is the Weyl covariant derivative on the spatial slices.
For the special case with B = D = 0, (42) reduces to (14) which is the result obtained
in the conformal extension of NCG.
• Semi-metricity conditions:
D
∇µτν = ∂µ
(
ln
Az
1 + 2BY
)
· τν , (43)
D
∇µ
(
hαβ +
D
1− 2DZ
ΦαΦβ
)
= −∂µ lnA
2
·
(
hαβ +
D
1− 2DZ
ΦαΦβ
)
. (44)
These two semi-metricity conditions with the disformal connection (42) define the
disformal extension of the NCG. Once again, the conformal extension of NCG (13)
is naturally included here as a special case. Furthermore, geometry defined by (42)-
(44) is the nonrelativistic and disformally extended version of the conventional Weyl
integrable geometry.
V. CONCLUSION AND DISCUSSION
In this work, we have found the general anisotropic disformal transformation (30) in NCG.
It is shown that a naive assumption of the form of the disformal transformation can only
lead to a very special form from the consideration of consistency, see (25). To obtain its most
general form, one needs to project the vector φµ in the relativistic disformal transformation
(15) into temporal and spatial parts, and then imposing the constraints from the defining
relations in NCG.
As an application, this newly obtained disformal transformation has been used to induce
a new geometry whose disformal connection and semi-metricity conditions are given by (42)
and (43, 44) respectively. The key step to do this is to rewrite the original geometrical
variables with new variables obtained through disformal transformation. Consequent subtle
point is the infinite iteration in rewriting hµν with hµν and Φµ due to the hidden hµν in Φµ.
This problem is circumvented by using another equivalent (but convenient for rewriting)
form of the disformal transformation, see (35).
Take a more look at the semi-metricity conditions for the induced geometry, one can find
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that (43, 44) could be rewritten in a more illuminating form
(
D
∇µ − ∂µ
(
ln
Az
1 + 2BY
))
τν = 0, (45)
(
D
∇µ + ∂µ lnA
2
)(
hαβ +
D
1− 2DZ
ΦαΦβ
)
= 0. (46)
In this form, all the derivatives on the L.H.S are adjusted into Weyl covariant type, which
is to say that these two equations in fact serve as the non-relativistic and disformal gener-
alization of the metricity conditions for Weyl gauge theory [11].
For further investigation, it would be worth to explore the implications of disformally
coupled fields in Newton-Cartan gravity and its holographic applications. Although the rel-
evant Lie algebra structure has not been fully understood yet, it should be possible to obtain
the disformal NCG via a gauging procedure. Finally, it may be interesting to investigate
some explicit metric solutions in NCG-based holography.
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